Let T{s/m) (m = 1, 2, 3) be the three arithmetic Hecke groups, generated by the translation z >-> z+y/m and the inversion zn-i.
Introduction
The spectral theory of discrete groups of linear fractional transformations acting on the upper half-plane %7 (or, what is the same, any half-plane or disc) has received much attention since the seminal work of Maass [6, 7] and Selberg [10, 11] . Some of this has focused upon numerical calculation of the cuspidal spectrum 1(1) of the modular group T(l) [4, 14] . Quite recently, several mathematicians have initiated numerical studies of the cuspidal spectra I(\/Âïï) of the Hecke groups Y(sfm), m = 2 and 3 [3, 14] . (These two groups are commensurable with T( 1 ), the only Hecke groups-aside from Y( 1 ) itself-to have this property.)
The purpose of this article is to present several theoretical results on Z( 1 ), X(\/2), and £(\/3) which have interest from a computational perspective, since they can find application to the numerical computation both of the spectra and the Fourier coefficients of the associated and m = 3 .) Additional results serve to explicate the action of the Hecke operator-not only for T(l), but for Y(\f2) and Y(-j3) as well-upon the Maass wave forms, in particular upon their Fourier coefficients ( § §5-6). This discussion is motivated by work of Stark [13] and more recent work of Hejhal [3] and Hejhal and Arno [5] , which demonstrates clearly the importance of the Hecke operators for the numerical study of the Fourier coefficients of the Maass wave forms on Y( 1 ). Here we emphasize especially the little-known Hecke operators on Y(yrm), introduced in [1] , since these can be applied in the same way to the numerical study of the Fourier coefficients of 
We call X an eigenvalue of the hyperbolic Laplace operator A, defined by
The cuspidal spectrum X(\/m), of Y(y/m), is defined to be the set of those X occurring as eigenvalues associated with Maass wave forms on Y(^fm). If a Maass wave form / satisfies f(-z) = f(z), then / is called even; if instead / satisfies f(-z) = -f(z), it is called odd.
Remark. If a Maass wave form on Y(\fm) with associated eigenvalue A were neither even nor odd, then we could form the nontrivial functions
both of which are again Maass wave forms with eigenvalue X. Here, fe is even and f0 is odd, so that fe and f0 are linearly independent. This would contradict the widely-held belief that the space of Maass wave forms associated with a fixed eigenvalue X has dimension one. and m -3.
The direct operator
The proof of Theorem 1 depends only upon a straightforward application of the operator <Pm defined by (2) *«[/(*)] = f{z/sfm) + fWmz).
Hecke [2] observed that if / is invariant with respect to T(l), then Om/ is invariant with respect to Y(sjm). (Hejhal [3] points out that Rausenberger [8] noticed this fifty years earlier.) In fact, much more is true concerning Om ; these further properties of <Pm are essential to the proof of Theorem 1, which follows-almost directly-from them. They are stated in As is well known, the T(p) preserve modular invariance (see, for example. [12, pp. 98-101] ). Furthermore, a straightforward calculation with the hyperbolic Laplace operator shows that if / is a Maass wave form on T( 1 ) with eigenvalue A, then so is T(p)f. Similarly, the Hecke operators T(m,p) preserve invariance with respect to the group Y(sfm) [1] . Again, if tp is a Maass wave form on Y(sfm) with eigenvalue X, then so is T(m, p)tp .
We summarize the action of the Hecke operators on the Fourier expansions. In analogy to our observation concerning Q>mf, the identity 4,m<3 = 0 is equivalent to an + mamn = 0, for all n . If *Fmi? is a "Hecke eigenform" on T(l), i.e., an eigenfunction of all the Hecke operators on Y(l) (always the case if, as conjectured, the space of Maass wave forms associated with a fixed eigenvalue has dimension 1), then *¥mq> = 0 if and only if the coefficient in the term n = 1 of (10) is zero, that is, ax + mam = 0. Applying the same idea to tp itself, we may normalize tp so that ax = 1 . (Assuming that tp = 0 is a Hecke eigenform on Y(y/m) implies ax / 0.) Then, tp £ 0 given by (5) satisfies *¥mtp = 0 if and only if (11) am = -\/m.
Clearly, (11) can serve.as a crude check on any scheme for computing the coefficients q" in (5), since for those Maass wave forms tp ^ 0 on Y(y/m) associated with eigenvalues not in Z(l), ^mtp = 0 and (11) holds of necessity.
Connections among the operators
As a public service, I here list the results of a number of tedious calculations, omitting the calculations themselves. In each instance / is a function of period 1, and tp is a function of period -Jm. In particular, the formulae apply to Maass wave forms /, on T(l), and tp , on Y(^/m).
